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Abstract

In a Teach-for-Mastery (TfM) course, instructors often use question banks to generate multiple
random quizzes to let students practice the same concept until mastery. While honest learners
effectively master the concepts this way, other students can exploit the no-penalty structure to
“game the system” without learning. In this paper, we collected six semesters of TfM classroom
data (6,625 quiz-attempt records from 106 students), built a behavior model, and studied how the
size of the question bank influences this “gaming the system” behavior.

We borrow insights from game theory, including Nash equilibrium and sequential instructor-
student interactions, to model how course policies shape student strategies. We classify students
into “gamers” and “non-gamers” using clustering on retake intensity and attempt duration, and
we estimate a production function that links student time-on-task and instructor preparation effort
to achievement under a policy variable π = 1/Nq. We then vary Nq and solve for the resulting
Nash equilibrium effort separately by topic, using the estimated model and type-specific utility
functions.

Our equilibrium results suggest that increasing Nq has the largest impact when question banks
are small, with diminishing marginal changes once banks reach moderate sizes. This provides
practical guidance for instructors on where question-writing effort is most valuable: topics with
very small or narrowly varying banks are the strongest candidates for expansion. In our case study,
Topic 5 (fixed at Nq = 4) is the clearest redesign candidate; the model suggests expanding to
approximately Nq ≈ 10 to 20 captures most of the incentive shift toward higher effort, whereas
topics already operating with larger banks show limited gains from further expansion. In summary,
we address a common challenge in TfM: how to mitigate “gaming the system” behavior while still
encouraging learning, and provide a general framework for evaluating and selecting TfM policy
settings using routinely collected learning management system data.



1 Introduction

Keeping students focused on genuine learning can be challenging. Educators often struggle to
maintain student focus, and as more distractions enter students’ learning environments, there is
a growing pull away from genuine knowledge acquisition. Students are constantly finding new
ways to get better grades while doing less work, and as technologies like artificial intelligence
improve, the return on actually learning material seems to decrease. Instructors may find their jobs
increasingly difficult as they deal with these uncooperative students.

There has been work analyzing various models of student-instructor interaction, inspired by
economic theory. Many such models provide a definition of what student and instructor “effort”
are. Following economic norms, there is also a recurring theme of utility functions, with varying
levels of complexity. These studies often apply economic concepts to quantify the interactions of
students and instructors in the context of economics courses. However, these factors can change in
a different setting, such as the classroom for a computer science (CS) course.

Students within the same major are unlikely to behave similarly, so it is an even further stretch
to assume that the behavior of economics students will be generalizable to CS students. Instructors
must adapt to their students’ demographics, and we can take a mixed-methods approach combining
economics and CS concepts to propose a new course structure that maximizes learning in the CS
classroom. In particular, a Teach-for-Mastery (TfM) course, which offers a unique setting beyond
standard graded homework and tests, will be the primary focus of our work.

TfM is a classroom structure that prioritizes understanding the material over grades. One way
to implement this is to give students unlimited attempts on assignments; they may take a quiz, for
example, as many times as needed until they receive the desired grade. This takes the pressure off
of getting a certain grade in one try and instead aims to give students the space to really understand
the material. While this sounds like a positive approach, one issue that arises is “gaming the
system” behavior. This is when a student repeatedly takes the test and answers questions based
solely on memorizing previous questions. This strategy relies on cycling through the quiz many
times until enough of the questions are recognized, and the student is able to provide the correct
answers through memorization. “Gamers”, or students who exhibit “gaming the system” behavior,
are unwilling to thoroughly learn the material, and TfM gives them the leeway to take advantage
of a system that is meant for people who genuinely want to understand what they are learning.
So, how can we design retake-friendly quizzes, particularly the size and structure of the
question bank that they draw from, to discourage gaming while keeping instructor workload
manageable?

One solution is to create a question bank large enough that gamers do not see repeated questions,
thereby making their strategy no longer worthwhile. While this discourages gaming, it can also
require the instructor to put in drastically more effort if they have to come up with too many
questions. In order to find a balance between these issues, we analyze the interactions between
students, both gamers and those who genuinely want to learn (non-gamers), and instructors in a
CS classroom. We can do this using utility models from economic theory and data collected over
multiple semesters of a real CS course that follows a TfM structure.



2 Related Work

Teach-for-Mastery (TfM) is a teaching style derived from the “mastery learning” strategy devel-
oped by Benjamin Bloom in 1968. Mastery learning aims to mimic the level of attention and
direction a student would get from one-on-one tutoring, but in a way that is applicable to everyone
in the classroom1. There are multiple defining steps in mastery learning: first, an education phase
that allows students to learn the material. Then, there are formative assessments, which provide
a system for instructors to give feedback and identify students who may need more support, and
in which topic areas. Both students and instructors can determine whether a student has met a de-
fined standard for mastery. Typically, this standard is represented as a percentage, commonly set at
around 80-90%. Students who have achieved mastery during the first assessment can then continue
on with new material or enhance their understanding of the current material. Those who have not
yet achieved mastery are assigned remedial exercises to supplement their knowledge. Once they
have completed these tasks, students can retake the assessments to test for mastery, though the
assessments are generally structured somewhat differently than the first iteration2. It is important
to note that TfM includes two kinds of assessments: summative and formative. Summative as-
sessments are comprehensive tests taken at the end of the course, while formative assessments are
given regularly throughout the course to gauge mastery of material as learning occurs. Formative
assessments are more essential to the idea behind TfM,1, and we will focus more on them in this
paper.

There has been significant support for TfM strategies2, but they also come with risks. As tech-
nology becomes more integrated into the learning environment, and generations grow up with the
ability to adapt to new technology, the use of online assessment software could pose a challenge.
Students have been shown to find new ways of cheating and committing academic dishonesty
when able to hide behind a screen3. While some behaviors are not as obviously wrong as others,
they may still slow or negate learning. One example of this is “wheel spinning,” a term that de-
scribes behavior in which students learn without understanding the material and make no effort to
change their situation. They look like they may be progressing, even though they are not. Another
behavior, which will be the primary focus of this paper, is “gaming the system.” This describes a
behavior in which students recognize the technical features of the assessment technology and abuse
them to pass, without actually learning the material. While Li et al.4 distinguish between “harmful
gaming” and “non-harmful gaming,” they acknowledge that both remain gaming and negatively
impact education. In a setting like ours, where students can retake online quizzes as often as they
need, there is a clear opening for this gaming behavior to fester. Therefore, we will later propose a
framework to address these issues.

To properly digest our framework, it is important to understand some key economic concepts.
The first is utility functions. Utility functions provide a numerical value that represents the satis-
faction or utility a consumer derives from a good or service. One of the most common and simplest
utility functions is a Cobb-Douglas function, which has the general form of Axα1

1 ...xαn
n , where A is

a positive constant, and the exponents are non-zero constants. Another common utility function is
the Constant Elasticity of Substitution (CES) function, which has the general form A(
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ρ
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where α, γ, ρ, and A are nonzero constants, and α and A are positive. The key feature of the CES
function is that its parameters have a constant elasticity of substitution within their domains5.

The next important concept is the Bayesian Nash equilibrium (NE). A Bayesian game is a
game with incomplete information. This means that all the players in the game are allowed to hold



information that no other player is aware of. For example, if we model the classroom setting as
a Bayesian game in which the students and the instructor are the players, the instructor may have
information about assessments that the students are unaware of. On the other hand, students may
have test-taking strategies that the instructor is unaware of. This Bayesian game will serve as the
setting for our search for an NE. An NE is a moment in the game in which neither player has an
incentive to change their strategy. Both players are at the point where they have the most amount
of utility that they believe they can get, so neither of them is willing to make a different decision.
When an NE is reached in a Bayesian game, we get a Bayesian Nash equilibrium6.

To address the issue of “gaming the system,” we will draw on economic concepts to model a
TfM classroom setting as a game. Correa and Gruver7 provide a starting point on how we might set
this up. They introduce the achievement production function, which is influenced by both student
and instructor efforts. Students and instructors both still have their own utility functions, however,
that model their unique constraints and preferences. Correa and Gruver provide ideas on what
constraints should be used for utility and production functions and suggest the use of both Cobb-
Douglas and CES functions for modeling purposes. They also provide preliminary calculations on
finding the equilibrium between students and instructors.

Part of the instructor’s utility comes from how much they can motivate students to learn: the
more content students master, the happier the instructor is. Therefore, the instructor has an in-
centive to convince students to put effort into learning. Bonesrønning8 provides some insight
into related economics in education literature here. As mentioned previously, achievement can
be measured by both the instructor and the student. Students, though, can also have perceived
achievement, and the instructor can adjust how students’ perceived achievement changes. If an in-
structor is known to have an easier grading system, students are likely to spend less effort studying
because they assume they can achieve more without trying as hard as they would under a harder
grading system. While it might seem to follow that the grading should be as harsh as possible,
Bonesrønning indicates that there is a point at which students will give up and return to not putting
in any effort at all if they perceive the difficulty to be too high and no longer worth the effort.

There needs to be a balance in how difficult instructors make assessments seem, but there is not
much previous work on which grading practices are most optimal8. In the context of a TfM course
that uses retakeable quizzes as formative assessments, the number of potential questions can help
the instructor adjust difficulty levels. Furthermore, the number of questions in the question bank
should ensure that students routinely encounter new ones, even when retaking the quiz multiple
times. At the same time, this should also discourage students from partaking in “gaming the
system” behavior. We will explore these ideas more in-depth in the paper.

3 Vignette: Strategic Behavior in Teach-for-Mastery Course Design

In a Teach-for-Mastery (TfM) course, instructors frequently rely on large question banks to gen-
erate randomized quizzes that promote repeated practice and conceptual understanding. For ex-
ample, Wittie9 describes implementing TfM in an undergraduate programming languages course
by replacing traditional exams with short, one-topic “take-when-ready” assessments that draw a
random question from a pool of many variants (roughly 30 per topic), with built-in delays between
re-attempts to discourage memorization-based retakes. A sufficiently large and diverse bank is
generally thought to discourage shallow memorization and reduce “gaming the system” behavior.
More importantly, from a strategic perspective, choices about the size, composition, and distribu-



tion of difficulty in the question bank constitute a policy setting that directly shapes students’ study
strategies.

From an economic game perspective, the instructor first specifies the question bank and the
quiz randomization mechanism. Students then observe and infer these policy settings as they
complete the quizzes and adapt their behavior accordingly: deciding how broadly to study, how
much effort to allocate to different topics, and how to prioritize this course relative to others.
This act-react sequence naturally aligns with a sequential, leader–follower structure, where the
instructor’s TfM course policy is the leader’s actions, and students’ learning strategies are the
followers’ best responses.

Consider, for example, a topic whose bank contains only a few predictable questions. Students
may rationally adopt a shallow memorization strategy, e.g., focusing on recalling specific examples
or past mistakes rather than developing conceptual mastery. Conversely, a sufficiently large and
diverse bank may encourage students to deeply study and master the concept through learning
a variety of examples. In either case, students’ collective learning behavior settles into a Nash
equilibrium determined by the instructor’s policy.

At equilibrium, given their inferred policy settings, no student is interested in changing their
study plan. From this perspective, question bank design is not merely administrative work; it
essentially shapes the equilibrium landscape of students’ learning behaviors in a TfM course.
Therefore, modeling instructor–student interactions as an economic game allows instructors to
use equilibrium analysis to inform policy settings. By anticipating how question bank design in-
fluences students’ equilibrium learning behaviors, instructors can design a TfM course that more
effectively aligns students’ learning behaviors with the intended outcome of conceptual mastery.
Broadly speaking, our proposed approach aims to inform an instructor of whether students’
equilibrium learning behaviors settle into the “gaming the system” behavior, for a given course
design, and provide insights into which question banks are worth expanding their sizes.

4 Mathematical Framework

Having motivated the instructor-student interaction as a strategic setting, we now turn to a general
modeling framework for TfM courses. Our goal in this section is to formalize the key elements
of TfM question bank design and students’ learning behaviors in a way that is applicable across a
broad range of TfM course designs. To this end, we adapt Correa and Gruver’s extended economic
theory of education7 to the context of TfM courses with randomized quizzes. We introduce the
notation, specify the game’s structure, and characterize the resulting equilibrium learning behavior.
After presenting the framework, we illustrate its use in later sections through a case study that
demonstrates how instructors can apply equilibrium analysis to assess whether a particular TfM
question bank design likely promotes mastery and determine the optimal question bank size.

4.1 Achievement Production Function

Let π be a TfM course policy set by the instructor. We follow Correa and Gruver’s theory to
model the student’s achievement as an outcome jointly produced by the instructor’s effort (EI)
and the student’s effort (ESi

). We represent student i’s achievement (Ai) by a production function
(ν):

Ai = ν(ESi
, EI |π), (1)



where the input EI is the instructor’s effort to set up the policy π and prepare the TfM course
according to π, and ESi

is the student i’s effort spent on the course responding to π. The output Ai

is the student i’s achievement produced by EI and ESi
under π.

This production function ν satisfies standard assumptions: (i) There is no negative achievement.
(ii) There is no achievement if the student puts no effort. (iii) The achievement increases in both
the instructor’s and the students’ effort. And (iv) The achievement increase is decreasing as effort
increases. That is, extra effort helps, but the more effort you have already put in, the smaller the
additional benefit. Formally, these define the following constraints for ν:

ν(ESi
, EI |π) ≥ 0 , ν(0, EI |π) = 0 , ν ′(·|π) > 0 and ν ′′(·|π) < 0. (2)

These assumptions reflect a simple educational intuition: a well-prepared course and a motivated
learner both raise achievement, but neither can increase learning indefinitely. In a TfM context, this
production view helps us ask: How much additional learning can we expect when the policy (e.g.,
expands the question bank) changes, and how do different students respond to such changes?

4.2 Effort Allocation and the Time Constraint

Each student i = 1, . . . , N and the instructor have a limited time to spend on the course. Following
the economic model, we assume that the effort ESi

and EI are measured in time, and that each
student and instructor has a capped total time available for the course, denoted by TSi

and TI .
The time that they do not spend on the course is called the leisure time, denoted by LSi

and LI .
Together, they form the time constraints on effort allocation:ESi

+ LSi
= TSi

and EI + LI = TI .
This simple constraint captures a key reality in educational settings: every additional hour spent
studying or preparing the course is an hour taken away from something else. These time
constraints are the foundation for understanding how TfM policies influence the opportunity cost
of learning and teaching.

4.3 Student Types and Incomplete Information

Students differ in how they weigh mastery learning against time spent. We model this through
a student type τi, which influences how much they value achievement relative to leisure. The
instructor does not know the individual types of each student but does have a reasonable sense
of the overall student population, represented by the distribution D(τ). This creates a Bayesian
game:

• The instructor designs the policy π by anticipating the distribution of behaviors from differ-
ent student types D(τ).

• Each student observes/infers the policy π and chooses effort based on their personal type τi.
By modeling it as a Bayesian game, the framework captures behavioral heterogeneity in TfM
courses, from mastery learners to students inclined toward “gaming the system” behaviors.

4.4 Utility Functions

A key challenge in understanding student behavior in TfM courses is that students do not respond
to π in the same way. Some students are motivated to achieve deep mastery, others seek to min-
imize the time they spend, and many balance these goals depending on workload, confidence, or



competing commitments. Likewise, instructors must balance their desire for high student achieve-
ment with the practical limits of their own time and resources.

To systematically and analytically capture these trade-offs, we use utility functions, a standard
tool in economics. A utility function summarizes an agent’s preferences on how much they value
learning relative to leisure, and formalizes the decisions they make under limited time. This allows
the model to account for heterogeneous student motivations, to represent the instructor’s objectives
in designing a TfM course, and to predict how different policy settings will influence effort and
learning behaviors. We denote the utility functions as follows:

USi
(Ai, LSi

|τi) and UI(A1, A2, . . . , AN , LI), (3)

where USi
is the student i’s utility function, which captures the trade-off between their achievement

Ai and their remaining leisure time LSi
, under the student i’s type τi, reflecting how much they

personally care about mastery versus minimal efforts; and UI is the instructor’s utility function,
which captures the trade-off among all students’ achievement Ai, i = 1, . . . , N and the instructor’s
remaining leisure time LI . Similar to the achievement production function, the utility function
satisfies the same four constraints as in Eq. 2:

U(·, ·) ≥ 0 , U(0, ·) = 0 , U ′(·, ·) > 0 and U ′′(·, ·) < 0, (4)

which means utility should (i) be non-negative, (ii) be zero if achievement is zero, (iii) increase with
achievement and leisure time, and (iv) increase less with additional achievement and leisure time.
This formulation captures behaviors educators readily recognize: a student may study intensively
until the benefit of studying longer becomes too small, or an instructor may continue to refine the
course until additional preparation yields little additional learning.

4.5 Bayesian Nash Equilibrium

In a TfM course, both students and the instructor make decisions about how much effort to invest,
but they do so in response to the course policies that structure the learning environment. Once the
instructor designs a policy (such as the question bank size, number of quiz attempts, or feedback
frequency), students observe/infer that policy and decide how much time to devote to the course.
Their decisions depend on how much they value mastery, how much total time they have available,
and how effective they expect additional effort to be under the current policies. Mathematically,
each student chooses the level of effort that maximizes their own utility:

E∗
Si
(π, τi) = argmax

ESi

USi
(Ai, LSi

|τi), (5)

which means: given the instructor’s policy π, each student chooses the study effort that works
best for them.

Education Interpretation of Bayesian Nash Equilibrium

A Bayesian Nash equilibrium is reached when:

• No student would benefit from adjusting their study effort, given the policy and their types.

• The instructor would not benefit from modifying policies, given students’ expected responses.



In other words, equilibrium describes the steady-state behavior of a TfM course: students set-
tle into predictable study patterns, and the instructor’s policy is optimal given those patterns.
Therefore, analyzing this equilibrium allows instructors to evaluate whether a TfM policy pro-
motes mastery learning or inadvertently creates incentives for gaming.

5 Applying the Framework to a Teaching for Mastery (TfM) Course

The mathematical framework presented above provides a general framework for reasoning about
how TfM course policies influence students’ learning behaviors. We now apply this framework
to a specific TfM course by focusing on question bank design as the primary instructional policy.
This application illustrates how equilibrium analysis can help instructors evaluate whether their
course design is encouraging the desired behavior.

5.1 Course Context and Policy Specification

To demonstrate how the proposed framework operates in practice, we apply it to an undergraduate
TfM course that uses randomized quizzes generated from question banks. In this setting, the
instructor selects a policy π that determines key features of the assessment environment, including
the size of the question bank, the diversity of problem types, and the randomization rules used to
generate quizzes. These design choices influence not only the instructor’s preparation effort but
also how students allocate their time across practice, review, and other learning activities.

In this course, student effort is measured by quiz attempts and time spent on practice problems,
while instructor effort is reflected in the development and maintenance of the question banks.
Achievement is operationalized using quiz performance and pass rates. By specifying how these
course elements map onto the framework’s variables, we can use equilibrium analysis to evaluate
whether different question bank designs encourage mastery learning or unintentially allow for
“gaming the system” behavior.

5.2 Data Collection

The data used in this study consist of routinely collected course records generated through normal
instructional practice. IRB approval was obtained prior the study (IRB# 2526-061), and consent
forms were sent to students via emails. Our analysis draws on archival Moodle quiz records from
a TfM course spanning six academic semesters (Spring 2022, Spring 2023, Spring 2024, Fall
2024, Spring 2025, and Fall 2025) with a total of 233 students enrolled. Out of 233 students, 106
provided consent, 3 declined, and 122 did not respond. We exported the quiz-attempt logs of the
students who consented from Moodle and assigned anonymized identifiers before analysis.

The question bank design comprises 36 quizzes over ten topics. Across six semesters, the ex-
ported Moodle logs yield a total of 6,625 quiz-attempt records, each corresponding to one attempt
by an anonymized student on a single quiz. Question banks vary substantially in size, from small
banks containing as few as two to five questions to larger banks containing up to 30 questions.
Each quiz attempt consists of multiple questions randomly drawn from the relevant question bank.
Consequently, the number of possible quiz forms (i.e., unique question combinations) ranges from
2 to 20,160, depending on how many questions are used in a quiz.

Because quizzes function as alternate assessments of the same underlying topic, we aggregate



at the topic level for analysis. Some quizzes assess overlapping concepts across multiple topics;
in these cases, we include the same quiz in each relevant topic aggregate. This structural variation
yields a wide range of question bank designs that support structural estimation. Tab. 1 summarizes
variation in question bank size and the corresponding number of attempt records.

Practically speaking, this heterogeneity implies that different designs present different incen-
tives for mastery learning vs. “gaming the system” behavior. This variation allows us to examine
how question bank size is associated with students’ learning behaviors in the TfM course - specifi-
cally, how retake patterns, time spent on quizzes, and scores relate to mastery learning and “gaming
the system” behavior.

Variation SP 22 SP 23 SP 24 FA 24 SP 25 FA 25 Total
Topic 1 3-30 146 450 405 117 338 249 1705
Topic 2 1-30 102 380 319 86 250 178 1315
Topic 3 3-6 34 68 72 22 51 31 278
Topic 4 2-30 25 143 120 31 126 73 518
Topic 5 4 15 30 43 17 15 25 145
Topic 6 2-7 31 81 78 16 65 48 319
Topic 7 3-14 71 180 143 38 113 84 629
Topic 8 1-30 103 308 279 75 218 158 1141
Topic 9 4-7 13 40 64 13 48 36 214
Topic 10 5-24 12 64 98 29 89 69 361

# of Students - 8 17 12 26 25 19 1071

Table 1: Variation in question bank size and the corresponding number of attempt records by topic
and semester. The last column shows the total number of records included in the analysis, and the
last row shows the total number of students who provided consent.

5.3 Choices of Achievement Production Function and Utility Functions

To use the framework for equilibrium analysis, we need to model the achievement production
function ν (Eq. 1) and utility function U (Eq. 3). We first used a correlation matrix to examine
relationships among the collected data (such as time spent, number of attempts, and scores), but
we did not find any strong linear relationship. We then used our educator’s judgment and defined
the student’s effort as the total recorded time a student spent. Let Gi be the number of attempts
student i made and t̄i be the average time the student spent per attempt. Then the student’s effort is
Es,i = Git̄i. We also assume the instructor’s effort to prepare Nq questions follows an exponential
model EI = eκ0+κ1Nq , capturing compounding marginal effort as the question banks expand. i.e.,
the more questions in the bank, the harder to prepare a new question for the same topic. In this
model, we can interpret κ0 as the fixed effort required to prepare the quiz, and κ1 as the linear
factor for preparing Nq questions in the bank. Furthermore, we assume that production is affected
by the policy π = 1/Nq (i.e., only the number of questions in the bank in our case). Modeling
the policy input as 1/Nq ensures the predicted achievement is decreasing in bank size (for β > 0),
consistent with the idea that larger banks dilute exposure to any particular question and increase

1One student retook the course. In our analysis, we assigned the same anonymized identifier to this student, so all
quiz records of this student in two semesters were treated as a single individual’s behavior records.



effective task difficulty. Using the classic Cobb-Douglas function10 from economics, we model
the achievement function as:

Ai = ν(ESi
, EI |π) = Eα

s,iπ
βE1−α−β

I (6)

Because the question bank size is our policy variable, we also impose a policy monotonicity
condition: holding effort fixed, larger banks weakly reduce achievement,

∂ν(ESi
, EI |π)

∂π
≤ 0. (7)

This captures that larger banks reduce question repetition and raise effective difficulty, limiting
memorization-based strategies.

To model student preferences over performance and effort, we adopt a Constant Elasticity of
Substitution (CES) utility function11. The CES function provides a flexible yet parsimonious way
to represent how students trade off achievement against leisure time, while allowing the degree
of substitutability between the two components to be governed by a single curvature parameter ρ.
Specifically, we assume

Us,i(Ai, Ls,i) =
(
ωi A

ρ
i + (1− ωi)L

ρ
s,i

)1/ρ

, (8)

where the weight ωi ∈ (0, 1) governs the relative importance of achievement versus leisure, and
ρ controls the elasticity of substitution between Ai and Ls,i (with smaller ρ implying stronger
complementarity and larger ρ implying greater substitutability).

5.4 Identifying Student Types

For our purposes, we classify students into two behavioral types: “gamers” and “non-gamers”.
Gamers exhibit “gaming the system” behaviors by rapidly retaking quizzes to recognize previ-
ously seen questions and increase scores through memorization rather than conceptual learning.
Non-gamers, in contrast, primarily use retakes as intended, i.e., to practice, receive feedback, and
improve mastery.
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Topic 7 - Student Clusters Based on Ratio of Duration/Attempts

Because Moodle logs do not directly reveal stu-
dents’ intent, we operationalize these types us-
ing behavioral proxies derived from quiz-attempt
records. For each student, we compute the aver-
age number of attempts per quiz and the median
duration per attempt. We use the average number
of attempts to capture overall retake intensity across
quizzes, and the median duration to reduce sensitiv-
ity to extreme outliers (e.g., leaving a browser tab
open for a while and immediately finishing a quiz).
We cluster students using k-medoids on the ratio
of these two indicators2. To allow for a potential
“mixed” behavioral pattern, we set k = 3 and interpret the resulting clusters as “gamer”, “learner”,

2We use k-medoids rather than k-means for its robustness to non-Gaussian distributions and outliers.



and “mixed”. For subsequent analysis, we adopt a conservative labeling approach and merge the
mixed cluster with learners, yielding a binary partition into “gamer” and “non-gamer”. This choice
reduces the risk of over-classifying students as gamers. As shown in the above inset, an example
of our clustering results, we identified three behaviorally distinct clusters: a low-attempt/high-
duration group (“learner” highlighted in yellow), a high-attempt/low-duration group (“gamer”
highlighted in teal), and a mixed group (highlighted in purple).

5.5 Parameter Estimations

Achievement Production Function

We estimated the parameters of the achievement function via structural estimation, fitting the
model to observed quiz attempt behavior using likelihood-based methods12. To connect the achieve-
ment function to observed performance, we use a binary mastery indicator Yi,q ∈ {0, 1} (pass/fail)
and assume

P (Yi,q = 1|ν) = 1

1 + e−(θ0+θ1 log ν)
:= P (ν), (9)

so that higher predicted achievement corresponds to a higher probability of passing. We estimate
the parameters α, β, κ0, κ1, θ0, θ1 (from Eq. 6 and 9) using the SciPy package3 by maximizing the
corresponding log-likelihood of Eq. 9 subject to the necessary constraints (Eq. 2 and 7).
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Figure 1: Each figure overlays actual student outcomes (circles) and model-predicted probabilities (×)
across the effort dimensions, with the translucent plane indicating the 90% pass threshold. Figures compare
question bank sizes (Nq = 4 and Nq = 7) and student types (gamers vs. non-gamers). Overall, higher
predicted achievement corresponds to higher observed pass rates, and predicted pass probabilities are sys-
tematically higher for observed passes than fails.

Fig. 1 provides a visual assessment of model fit on Topic 9. The fitted probabilities are broadly
aligned with the observed mastery outcomes: attempts with higher predicted achievement tend to
exhibit higher observed pass rates, and the distribution of predicted pass probabilities is shifted
upward for observed passes relative to fails. While the model is intentionally parsimonious, the
estimated specification remains consistent with the production function constraints in Eq. 2. The
Cobb-Douglas function ensures nonnegative achievement and implies diminishing marginal re-
turns to effort, and the estimated exponents yield a monotone relationship between achievement
and both students’ and instructor’s effort. In addition, the policy term π = 1/Nq enters with a pos-
itive exponent, so predicted achievement decreases with question bank size (holding effort fixed).
These patterns suggest the fitted model is suitable for the equilibrium analyses that follow.

3Estimation is implemented in Python using SciPy13.



Student Utility Functions

When choosing a value for ωi and ρ (Eq. 8), we consulted previous literature on the economics
of education. There were not many existing works that suggested actual numerical values for
the elasticity of substitution of student achievement for leisure. What we did find was a work
from Foster and Gehrke14 that compared investment into human capital versus investment into
schooling. Their results found an elasticity of substitution (σ) of 0.290, which corresponds to a
ρ of -2.45, related by σ = 1

1−ρ
. This was the closest proxy we could find, so we used it in our

analysis.
ωi represents the weight that is assigned to the academic achievement of student i, so we know

that this value should be higher for non-gamers and lower for gamers, by the nature of these types.
The weights placed on neutral goods, which leisure and achievement would be for non-gamers,
correspond to a value of 0.5 for ωi

15. We did not find existing literature that could serve as a proxy
for gamer weight, so we followed economic benchmark standards to set ωi to 0.25. Note that the
choice of these values must satisfy the utility constraints (Eq. 4).

6 Results

6.1 Nash Equilibrium Analysis

After specifying the utility functions, we analyze Nash equilibrium behavior by solving Eq. 5 under
varying question bank sizes Nq from 1 to 200. Across all ten topics, the equilibrium predictions
exhibit the same qualitative pattern: the optimal time-on-task (Git̄i) increases with question bank
size (Nq) for both gamers and learners, rises most sharply when Nq is small, and then gradually
flattens as Nq becomes larger. By approximately Nq = 40 to 60, the curves are nearly unchanged,
indicating that further expansion is unlikely to generate meaningful additional increases in Git̄i at
equilibrium. For the topics in our case study, this range therefore provides a practical upper bound
for question bank design.
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Figure 2: Nash equilibrium predictions of optimal time-on-task (Git̄i) as a function of question bank size
(Nq) for each topic. For each panel, the curves report the equilibrium solution of Eq. 5 over a range of
Nq, shown separately for the two student types (learners vs. gamers) using the estimated topic-specific
parameters. Note: learners here include the mixed group.

Fig. 2 presents the equilibrium predictions of optimal time-on-task (Git̄i) as a function of ques-
tion bank size (Nq) for each topic. As expected from the model, the learner curve lies above the
gamer curve in every topic. The gap is modest, and the two curves are generally close to parallel.
Thus, increasing Nq raises the predicted equilibrium effort for both groups, while preserving their



relative ordering: learners continue to exhibit higher time-on-task than gamers at comparable bank
sizes.

The more important topic-level differences in Fig. 2 are not the directions of the curves, but
their levels and the points at which they begin to flatten. Topics 2, 4, and 7 show relatively high
equilibrium Git̄i even at low Nq. Topics 1, 6, and 9 occupy an intermediate position but follow
the same saturating pattern. Topics 3, 5, 8, and especially 10 lie at lower levels overall, indicating
that these topics require a larger bank size to reach the same equilibrium effort achieved more
quickly in topics 2, 4, and 7. However, a lower curve does not by itself imply that a topic should
be expanded. Whether expansion is needed depends on where the currently observed bank sizes in
Tab. 1 fall along the corresponding equilibrium curve.

Interpreting Fig. 2 together with Tab. 1 allows us to identify where additional question-writing
is likely to matter most. Topic 5 is the clearest candidate for expansion. Its observed bank size is
fixed at Nq = 4, and Fig. 2 shows that this value lies in the steep portion of the Topic 5 equilibrium
curve, where even a modest increase in Nq would produce a noticeable increase in equilibrium
effort. Topics 3, 6, and 9 lead to the same conclusion. Their observed bank-size ranges (Nq = 3–6,
2–7, and 4–7, respectively) also lie mainly in the steep part of the curves, suggesting that increasing
these banks to around Nq = 10 would move them toward a higher equilibrium effort.

By contrast, topics whose observed bank sizes already extend well into the moderate range
are lower-priority candidates for further expansion. In particular, Topics 1, 2, 4, and 8 already
reach Nq = 30, where the corresponding equilibrium curves have largely flattened. Topic 10 also
extends to Nq = 24; although its curve lies relatively low, part of its observed range is already
beyond the steepest region of the curve. Thus, for these topics, adding more questions may still
increase equilibrium effort, but the predicted marginal gain is smaller than for topics whose current
bank sizes remain concentrated at low Nq.

Overall, the equilibrium analysis provides both a prioritization rule and a practical target for
redesign. Topics whose current bank sizes still lie in the steep portion of their equilibrium curves
should be expanded first, because they offer the largest predicted behavioral gains. Under the
current course design, Topic 5 is the strongest candidate for expansion, followed by Topics 3, 6,
and 9. For these topics, expanding the bank to at least around Nq = 10 appears justified by the
model. In contrast, topics already reaching moderate or large bank sizes appear closer to saturation,
so further expansion is likely to yield only limited additional benefit.

6.2 Sensitivity Analysis

Because the equilibrium results depend on the utility student parameters chosen in Eq. 8, we con-
duct a sensitivity analysis to examine whether the equilibrium analysis in Fig. 2 is robust to alterna-
tive parameter values. We examined the parameter sensitivity of each topic, and they all exhibited
a similar pattern. As an example, Fig. 3 illustrates this analysis for Topic 7 by varying ωi and ρ
(σ) separately for gamers and learners. We focus on these two parameters because they encode
the behavioral assumptions introduced in Sec. 5.3: ωi governs how much weight a student places
on achievement relative to leisure, whereas ρ (σ) governs the curvature of that trade-off through
the elasticity of substitution. In our baseline specification, we set ρ = −2.45 (ω = 0.29) using
the closest proxy available from prior literature, and we allow ωi to differ by student type, with a
higher value for learners than for gamers, reflecting the assumption that learners place relatively
more weight on achievement. Fig. 3, therefore, serves as a check on whether our equilibrium



results are driven by these particular parameter choices.
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Figure 3: Sensitivity analysis for Topic 7. The panels show Nash equilibrium predictions of optimal time-
on-task (Git̄i) as a function of question bank size (Nq) under alternative utility parameters. The left and
third panels vary ωi while holding ρ fixed at its default value, and the second and fourth panels vary ρ while
holding ωi fixed at its default value, shown separately for gamers and learners.

Fig. 3 shows that varying ωi mainly shifts the equilibrium curves vertically while preserving
their overall shape. For both gamers and learners, a higher ωi leads to a higher equilibrium Git̄i, as
expected, because students place a greater weight on achievement relative to leisure. However, the
qualitative pattern remains unchanged: equilibrium effort still rises quickly when Nq is small and
then gradually flattens as Nq increases. This is important for interpretation. Changing ωi alters the
predicted effort level and the gap between gamers and learners, but it does not materially change
the analysis of the effect of question bank expansion. In other words, ωi mainly controls how much
effort each type is willing to supply, rather than whether larger banks increase effort.

By contrast, the equilibrium predictions are more sensitive to the choice of ρ (σ). When ρ (σ) is
varied from the default value of −9 (0.1) to −2.45 (0.29), the resulting curves remain qualitatively
similar, with only moderate changes in the equilibrium level. However, when ρ (σ) is increased
to −0.11 (0.9), the equilibrium effort drops substantially and the response to Nq becomes much
weaker for both gamers and learners. Thus, compared with ωi, the curvature parameter ρ has a
stronger influence on the quantitative magnitude of the equilibrium predictions. This is also why, in
our setting, we keep ρ (σ) fixed across student types. Conceptually, ρ (σ) governs the general form
of the trade-off between achievement and leisure in the CES utility function, whereas ωi captures
type-specific preferences within that common structure. Allowing ρ (σ) to differ across gamers and
learners would make it more difficult to interpret whether observed differences arise from distinct
preferences over achievement or from fundamentally different substitution structures.

Overall, Fig. 3 suggests that the main qualitative implication of our model is robust: increasing
question bank size raises equilibrium student effort most strongly when Nq is small, with diminish-
ing returns as Nq becomes larger. At the same time, the sensitivity analysis clarifies how the utility
parameters affect interpretation. The parameter ωi changes the vertical position of the equilibrium
curves and therefore influences how strongly we distinguish gamers from learners in equilibrium.
A higher ωi for gamers, for example, would make their behavior appear closer to that of learners,
whereas a lower ωi for learners would compress the gap between the two groups. By contrast, ρ
(σ) affects the overall strength of the equilibrium response itself. Therefore, our conclusions about
which topics are likely under-expanded remain qualitatively stable, but the precise quantitative
targets should be interpreted with greater caution when they depend strongly on ρ (σ).



7 Education Implications and Conclusion

This study presents a practical, data-based approach for improving TfM question bank design using
the activity records that learning platforms already collect. We (i) group students based on how
they use retakes (how often they retry, how long they spend, and how their scores change), (ii) fit a
model that links student effort and instructor design choices to achievement, and (iii) use the model
to predict how students would respond if the question bank size changed. The main takeaway for
education is straightforward: question bank size is not just a technical setting. It shapes which
strategies “work” for students, whether spending time learning is rewarded, and whether repeated
attempts with minimal effort can still lead to a pass.

A key design result is that the equilibrium effect of question bank expansion depends on where
a topic’s current bank size lies on its equilibrium curve. Fig. 2 shows that equilibrium effort rises
quickly when Nq is small and then gradually flattens as Nq becomes larger, whereas Tab. 1 shows
that topics enter this curve at different points. This means that the instructional value of writing
more questions is topic-specific. In our case study, Topic 5 is the clearest priority for expansion
because its observed bank size is fixed at Nq = 4, which lies in the steeply changing part of
the equilibrium curve. Topics 3, 6, and 9 are also strong candidates for expansion because their
observed bank-size ranges remain similarly small. By contrast, Topics 1, 2, 4, and 8 already reach
Nq = 30, where the equilibrium curves are much flatter.

From a classroom implementation perspective, the framework supports an instructor-friendly
workflow each semester: (i) export quiz-attempt logs, (ii) aggregate topic-level behavioral sum-
maries, (iii) identify topics where short-duration retakes are associated with passing (a potential
signature of gaming), and (iv) use the framework to evaluate counterfactual question bank designs
such as whether the question bank sizes are currently lying on the steeper parts of the equilibrium
curves.

In conclusion, we demonstrate that routinely collected Moodle records can support structural
modeling and equilibrium analysis that connect question bank design choices to predicted student
behavior. Beyond descriptive analytics, the proposed approach provides prescriptive guidance by
identifying where additional questions are likely to have the greatest impact on equilibrium ef-
fort, and by offering a principled way to select a cost-effective target for Nq. Broadly speaking, a
10-20 question bank size seems to be the best design across all topics. Importantly, although we
focus on question bank size in this study, the framework is general and can be applied to other
assessment policy settings: for example, retake limits, scoring rules (highest score vs. average),
time limits, feedback timing, and mastery thresholds, by modifying the policy variable and solving
the corresponding equilibrium. Future work will extend this framework through prospective stud-
ies that experimentally vary question bank size and retake policies, and by developing practical
data-collection guidelines (e.g., consistent quiz settings, timing granularity, and item tagging) that
improve identifiability and enable broader adoption. Our longer-term goal is a set of evidence-
based course design principles for TfM policy that are scalable for instructors and robust against
“gaming the system” behavior.
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J. Nothman, J. Buchner, J. Kulick, J. L. Schönberger, J. V. de Miranda Cardoso, J. Reimer, J. Harrington, J. L. C.
Rodrı́guez, J. Nunez-Iglesias, J. Kuczynski, K. Tritz, M. Thoma, M. Newville, M. Kümmerer, M. Bolingbroke,
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