
Paper ID #41309

On Teaching and Learning the Fundamentals of L’Hopital’s Rule in Visual
and Intuitive Ways

Juan David Yepes, Florida Atlantic University
Dr. Daniel Raviv, Florida Atlantic University

Dr. Raviv is a Professor of Computer & Electrical Engineering and Computer Science at Florida Atlantic
University. In December 2009 he was named Assistant Provost for Innovation and Entrepreneurship.

With more than 30 years of combined experience in th

©American Society for Engineering Education, 2024



Work-in-Progress: On Teaching and Learning the
Fundamentals of L’Hopital’s Rule in Visual and

Intuitive Ways

Daniel Raviv and Juan D. Yepes
Department of Electrical Engineering and Computer Science

Florida Atlantic University, Boca Raton, FL 33431
Emails: ravivd@fau.edu, jyepes@fau.edu

Abstract

In today’s educational landscape, students increasingly seek to grasp basic under-
standing of mathematical concepts. It is imperative that teaching approaches evolve
to meet this demand, especially in the realm of mathematics where there is a gap
between understanding the theory and applying its relevant techniques. This paper
focuses on addressing the challenges students face when learning calculus, particu-
larly the L’Hopital’s Rule. While students may learn how to apply it, many lack
a fundamental understanding of its origins, missing the crucial ”why” behind its
application.

The primary objective of this paper is to deepen students’ understanding of
L’Hopital’s Rule by incorporating visualization and intuition techniques with math-
ematical approaches. We explore the background of L’Hopital’s Rule and present
three different ways to explain the essence of the rule by: a) “zooming-in” on the
intersection of two functions, b) employing the Taylor Series, and c) utilizing In-
finitesimal Calculus. By using these approaches, it becomes easier to grasp the
essence of L’Hopital’s Rule, which is about comparing how fast two functions change
as they approach a particular point. Moreover, to provide a comprehensive perspec-
tive we share some practical textbook examples that highlight the applications of
L’Hopital’s Rule. This is followed by a real-life engineering problem that utilizes
L’Hopital’s Rule.

To assess the effectiveness of the new approach for learning L’Hopital’s Rule we
conducted an in-class anonymous questionnaire. 58 students responded. The results
clearly show that understanding the concept of L’Hopital’s Rule is either important
or very important to students. Most of them praised the visualization and intu-
ition approach for teaching the rule. Even though we did not used activities and
exercises, students felt that more hands-on activities and in-class exercises could be
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very helpful as well. In general, they liked traditional presentations, but were not as
excited as we thought about power point presentations. Surprisingly, most of them
prefer not to read textbooks but rather to be taught. Overall, our assessment reveals
that students greatly preferred visualizations as an additional learning method. This
approach not only enhances their comprehension of L’Hopital’s Rule but also under-
scores their preference for a visual learning experience. The results are consistent
with our multi-year experience in evaluating similar methods across various engi-
neering related courses like Control Systems, Digital Signal Processing, Computer
Algorithms, and Physics.

It is important to note that this work should be considered work in progress. It
is not intended to replace traditional textbook chapters but rather to serve as an
invaluable add-on resource. Our goal is to assist educators in teaching and empow-
ering students in learning complex mathematical concepts in a more engaging and
meaningful manner.

Introduction

Addressing the common challenges that students often face in understanding a fun-
damental grasp of L’Hopital’s Rule is vital, and therefore it is important to explore
these misunderstandings by employing effective teaching strategies. It is our view
that it is essential to incorporate clear, visually engaging, and intuitive methods to
understand what is behind the Rule, particularly in mathematics courses.

This paper aims to offer visual, and intuitive explanations of L’Hopital’s Rule.
The central goal is to help students establish a solid foundation for comprehending
L’Hopital’s Rule, with a conscious effort to minimize reliance on memorization. We
want to ensure that students understand the concept and not only use it a purely
problem-solving technique. In this paper we present three different ways to explain
L’Hopital’s Rule by: a) “zooming-in” on the intersection of two functions, b) em-
ploying the Taylor Series, and c) utilizing infinitesimal calculus. We also present a
real-life engineering problem that utilizes L’Hopital’s Rule.

To assess the effectiveness of the new approach for learning L’Hopital’s Rule we
conducted an in-class anonymous questionnaire. 58 students responded. The results
clearly show that understanding the concept of L’Hopital’s Rule is either important
or very important to students. Most of them praised the visualization and intuition
approach for teaching the rule. Overall, the assessment shows that students greatly
preferred visualizations as an additional learning method. Although this evaluation
is limited in scope, the author’s extensive experience in evaluating similar methods
across various engineering-related topics strongly suggests that this approach holds
substantial potential.

This initiative is a crucial part of a more comprehensive effort to simplify teach-
ing and learning of STEM concepts. Its aim is to be a valuable educational resource
for both teachers and students, encouraging deep understanding through alternative
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learning experiences. The effort covers various courses, including Physics/Mechanics,
Calculus, Statics, Control Systems, Digital Signal Processing, Probability, Estima-
tion, and Computer Algorithms. The larger scale project, as it relates to calculus
concepts, intends to develop and integrate engaging games, relevant 3D puzzles and
brain teasers, captivating animations, real-world intuitive illustrations and demon-
strations, short video clips, hands-on activities (including virtual reality and aug-
mented reality experiences), collaborative teamwork and communication exercises,
small-scale inquiry-based research, as well as engaging presentations and peer-based
learning.

It should be noted that this work should be considered as work in progress. It
is intended to serve as an add-on resource, and not as a replacement to textbook
chapters. Our goal is to assist educators in teaching and help students in learning
complex mathematical concepts in a more engaging and meaningful manner.

The Problem

We have all learnt, used and taught the powerful L’Hopital’s Rule. We were told its
simple and powerful ”bottom line” which states that, for functions f(x) and g(x)
which are differentiable on an open interval,

If lim
x→a

f(x)

g(x)
=

0

0
or lim

x→a

f(x)

g(x)
=

∞
∞

, then lim
x→a

f ′(x)

g′(x)

But like many students, some of us were not shown why it is true, or at least
how to get some intuition/visualization for it. For example, when we try to take the
limit of the ratio of the function of f1(x) = x+ 2 and the function of f2(x) = 2x+ 3
as x approaches infinity, we simply apply L’Hôpital’s rule to get:

lim
x→∞

f1(x)

f2(x)
= lim

x→∞

x+ 2

2x+ 3
= lim

x→∞

d
dx
(x+ 2)

d
dx
(2x+ 3)

= lim
x→∞

(
1

2

)
=

1

2
(1)

Another example, when x approaches 0:

lim
x→0

1− ex

x3 + x
= lim

x→0

d
dx
(1− ex)

d
dx
(x3 + x)

= lim
x→0

−ex

3x2 + 1
= −1 (2)

We also learnt to apply the Rule twice (or more times), for example:

lim
x→∞

f1(x)

f2(x)
= lim

x→∞

3x2 + 4x+ 1

5x2 + 2x+ 3
(3)

As x approaches infinity, both the numerator and denominator approach infinity.
So, we differentiate both the numerator and denominator to get:

lim
x→∞

df1(x)
dx

df2(x)
dx

= lim
x→∞

6x+ 4

10x+ 2
(4)
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Again, as x approaches infinity, both the numerator and the denominator ap-
proach infinity. So, we differentiate both the numerator and denominator again to
get:

lim
x→∞

d2f1(x)
dx2

d2f2(x)
dx2

=
6

10
=

3

5
(5)

We did it, we taught it, but we have not learned or taught why it is so. This
question led us to try to deepen students’ understanding of L’Hôpital’s Rule by
incorporating multiple visualization and intuition techniques.

Related Work

In the context of grasping concepts, students often struggle to experience the “Aha!
moment.” They express a desire for more hands-on, experiential, visual, intuitive,
and enjoyable methods (such as game-based), along with technology-based informa-
tion available on the web.

This visual and intuitive approach for teaching STEM concepts is not novel. Tyler
DeWitt [1] addressed this issue by teaching isotopes through an analogy involving
cars with minor modifications. This analogy illustrates that isotopes are essentially
the same atom, possessing an identical number of protons and electrons but differing
in the number of neutrons, akin to cars with minor changes (e.g., color). Several
calculus textbooks incorporate visual explanations, as exemplified by references [2–
11]. Notably, the work of Apostol and Mamikon from Caltech [11] is particularly
intriguing, as they successfully explained the integration of certain functions without
relying on mathematical formulas. Other books, such as [12, 13], have contributed
to the understanding of concepts in “Control Systems” and the fundamentals of
“Newton’s Laws of Motion.”

Other successful attempts to teach basic understanding using interactive anima-
tions, clear explanations, and sometimes visual and intuitive methods can be found
in 3Blue1Brown [14] where almost all animations on this platform are made us-
ing a custom open-source Python library named Manim. On his YouTube channel,
Sanderson brings learners into the world of mathematics with clear visualizations and
comprehensible explanations. Aviv Censor [15] focuses on clear explanations with
mathematical proofs using visual examples. GeoGebra [16] is an interactive visual
animation tool for teaching and learning mathematics. Khan Academy [17] offers
multiple sets of online videos that assist students in better understanding concepts
and techniques in STEM. “Teaching Math Without Words” [18] presents a visual
approach to learning math, where readers can also find clear explanations on the
importance of visual learning. A refreshing notice by the American Mathematical
Society regarding friendly and inviting learning of math can be found in [19].
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Three Different Ways to Explain the Essence of

L’Hopital’s Rule

a) “Zooming-in” on the Intersection of Two Functions

When “zooming-in” around a specific point on a graph of a function, the curve near
the point looks more like a straight line from which one can obtain the derivative
(slope) of the function at that point, as can be observed in Figure 1:

Figure 1: Visualizing the idea of “zooming-in”

Example 1:

Observe the functions sin(x) and x as x → 0 the ratio of the two functions at x = 0
becomes indeterminate (due to 0

0
). However, when “zooming-in” near the (0,0) point

of the graphs of the functions, they not only have the same value at x = 0 but also
the ratio of the functions near (0,0) is getting closer to 1 as we keep “zooming-in”
(Figure 2). For example, expressing angles in radians we obtain:

sin(x) @ x = 1 is approximately 0.841
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Figure 2: “Zooming-in” on the functions sin(x) and x near x = 0

sin(x) @ x = 0.1 is approximately 0.0998

sin(x) @ x = 0.01 is approximately 0.0099998

sin(x) @ x = 0.001 is approximately 0.000999999666

Clearly the ratio
sin(x)

x
approaches 1 as we get closer and closer to x = 0. In

addition, we notice that the ratio of the slopes of the two functions at x = 0 equals
to 1 as well. So we can visually see that:

lim
x→0

sin(x)

x
= lim

x→0

d
dx

sin(x)
d
dx
x

= 1 (6)

Example 2:

The following example (Figure 3) shows the same idea from a different point of view.
We can tell that as x approaches the value of 1 (for both functions), the function
2x− 2 approaches the value of zero twice as fast as the function x− 1. The ratio of
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Figure 3: Visualizing L’Hopital’s Rule with different slopes.

the functions is:
2(x− 1)

x− 1
= 2, which is the same as the ratio of the slopes at x = 0

(i.e., 2/1 = 2).

Examples 3 and 4:

To get a better insight for the “zooming-in” idea, we show two additional sets of two
different functions, one near the (0,0) and the other near (1,0), where the ratio of the
slopes is the same as the ratio of the functions. They are shown in Figures 4 and 5.
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Figure 4: “Zooming-in” on two functions with 0 values at their intersection.

b) Employing the Taylor Series

For two different functions that can be expanded using Taylor Series we can write:

f1(x+∆x)

∣∣∣∣
x=x1

= f1(x)

∣∣∣∣
x=x1

+
df1(x)

dx

∣∣∣∣
x=x1

∆x+

(
1

2

)
d2f1(x)

dx2

∣∣∣∣
x=x1

(∆x)2 + . . . (7)

and

f2(x+∆x)

∣∣∣∣
x=x1

= f2(x)

∣∣∣∣
x=x1

+
df2(x)

dx

∣∣∣∣
x=x1

∆x+

(
1

2

)
d2f2(x)

dx2

∣∣∣∣
x=x1

(∆x)2 + . . . (8)

If f1(x)
∣∣
x=x1

= f2(x)
∣∣
x=x1

= 0 and if we take only the first derivative term of the
Taylor expansion of the functions we get:

f1(x+∆x)

f2(x+∆x)

∣∣∣∣
x=x1

≈
f1(x)

∣∣∣∣
x=x1

+ df1(x)
dx

∣∣∣∣
x=x1

·∆x

f2(x)

∣∣∣∣
x=x1

+ df2(x)
dx

∣∣∣∣
x=x1

·∆x

(9)
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Figure 5: “Zooming-in” on two functions with 0 values at their intersection.

f1(x+∆x)

f2(x+∆x)

∣∣∣∣
x=x1

≈
0 + df1(x)

dx

∣∣∣∣
x=x1

·∆x

0 + df2(x)
dx

∣∣∣∣
x=x1

·∆x

=

df1(x)
dx

∣∣∣∣
x=x1

df2(x)
dx

∣∣∣∣
x=x1

(10)

And so:

lim
x→x1

f1(x)

f2(x)
= lim

x→x1

df1(x)
dx

df2(x)
dx

(11)

In short:

lim
x→x1

f1(x)

f2(x)
= lim

x→x1

f ′
1(x)

f ′
2(x)

(12)

Example:

Refer to [20]. Evaluate:

lim
x→2

(
2

log x
+

x

x− 2

)
(13)
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We start by rewriting the expression as:

2

log x
+

x

x− 2
=

2(x− 2)− x log x

(x− 2) log x
=

(2x− 4)− x log x

(x− 2) log x
. (14)

As x → 2, we can use Taylor series expansion around 2.

The expansion of log x around 2 becomes:

log 2 + (x− 2)/2− (x− 2)2/8 +O((x− 2)3) (15)

Substituting this into our expression yields:

(2x− 4)− (x− 2)(log 2 + x−2
2

− (x−2)2

8
) +O((x− 2)3)

(x− 2)(log 2 + x−2
2

− (x−2)2

8
) +O((x− 2)3)

. (16)

The term O((x− 2)3) represents the remainder of the Taylor series and includes
all the terms of order (x − 2)3 and higher. As x approaches 2, these terms become
negligible, and the function’s behavior is dominated by the lower order terms.

Thus, the limit can be reduced to:

lim
x→2

(−2 + x−2
2

+O(x− 2)

1 + x−2
2

+O(x− 2)

)
= −2. (17)

c) Utilizing Infinitesimal Calculus

In infinitesimal calculus, L’Hopital’s Rule provides a powerful technique for evaluat-
ing limits that result in indeterminate forms. Consider two functions, f(x) and g(x),
that are differentiable in the neighborhood of a point a, where

lim
x→a

f(x) = 0 and lim
x→a

g(x) = 0 (18)

Then, as we know, using L’Hopital’s Rule

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
. (19)

To deepen our understanding, let’s introduce an infinitesimal quantity ε.
From the graph (Figure 6) we can see that:
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Figure 6: Using infinitesimal calculus to visualize L’Hopital’s Rule.

Example:

f1(−3)

f2(−3)
= “0/0” (20)

i.e., the ratio is indeterminate.
We observe from Figure 6:

f1(−3 + ε) =
df1(x)

dx

∣∣∣∣
x=−3

· ε (21)

f2(−3 + ε) =
df2(x)

dx

∣∣∣∣
x=−3

· ε (22)

And so:
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f1(−3 + ε)

f2(−3 + ε)
=

df1(x)
dx

∣∣
x=−3

· ε
df2(x)
dx

∣∣
x=−3

· ε

=

df1(x)
dx

∣∣
x=−3

df2(x)
dx

∣∣
x=−3

=
4
3
1
3

= 4 (23)

Engineering Example

Consider the following scenario: Engineers are attempting to characterize an un-
known electrical device by studying the ratio between its voltage and its current at
different temperatures. Utilizing a multitude of experimental data points, they have
derived polynomial expressions for both the voltage V (in volts) and the current I
(in amps) as functions of the temperature T (in degrees Celsius).

The fit polynomials to the data were determined to be:

V (T ) = T 3 − 5T 2 + 6T (24)

I(T ) = T 4 − 2T 3 + 3T 2 − 4T (25)

When attempting to evaluate the ratio V (T )
I(T )

at T = 0, they encounter an inde-

terminate ratio of 0
0
. To resolve this, they apply L’Hopital’s Rule, which involves

differentiating the function of the numerator V (T ) and the function of the denomi-
nator I(T ) with respect to T followed by evaluating the limit of this new ratio as T
approaches 0.

Applying L’Hopital’s Rule, the derivatives of the numerator and denominator
are:

V ′(T ) =
d

dT
(T 3 − 5T 2 + 6T ) = 3T 2 − 10T + 6 (26)

I ′(T ) =
d

dT
(T 4 − 2T 3 + 3T 2 − 4T ) = 4T 3 − 6T 2 + 6T − 4 (27)

Using L’Hopital’s Rule we obtain:

lim
T→0

V ′(T )

I ′(T )
= lim

T→0

(3T 2 − 10T + 6)

(4T 3 − 6T 2 + 6T − 4)
=

6

−4
= −3

2
(28)

Figure 7 illustrates the discrete experimental data of the voltage and the current
at various temperatures, and their polynomial approximations as functions of tem-
perature. It is evident that at T = 0 the ratio of the two functions is indeterminate.

Refer to Figure 8 for a detailed view around T = 0. This figure clearly demon-
strates that, at T = 0, the ratio of the voltage slope to the current slope is −3

2
.
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Figure 7: Polynomial approximations using experimental data of the voltage and
the current. The polynomials intersect at T = 0, where the ratio of the functions is
indeterminate.

Figure 8: Zooming around T = 0.

Assessment

To assess the effectiveness of the new approach for learning L’Hopital’s Rule we
conducted an in-class anonymous questionnaire. 58 students responded. The results
clearly show that understanding the concept of L’Hopital’s Rule is either important
or very important to students. Most students praised the visualization approach for
teaching L’Hopital’s Rule. Even though we have not used activities and exercises,
students felt that more hands-on activities and in-class exercises could be helpful. In
general, they like traditional presentations, but not as excited as we thought about
power point presentations. Surprisingly most of them prefer not to read texbooks.
Overall, we feel that visualizations were very well accepted and preferred by students
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as supplementary way for learning.
The following is a summary of results of what students consider important or

very important (Table 1). More details are provided in the Appendix.

Aspect %
Understanding the concept of L’Hopital’s Rule 67.9
Visualizing the concept of L’Hopital’s Rule 71.4
Introduction through visual examples 66.1
Introduction through hands-on activities 64.3
Engagement in class exercises 80.4
Learning using traditional presentations 50.0
Learning through Power Point presentations 46.4
Reading relevant chapter in the book 39.3

Table 1: Students’ feedback importance of different learning aspects for L’Hopital’s
Rule

Conclusion

Drawing insights from our exploration of L’Hopital’s Rule, this paper underscores the
significance of integrating intuitive and visual learning methods into the conventional
mathematical curriculum. Our approach, which bridges the gap between conceptual
understanding and techniques being used, focuses on enhancing the understanding
of L’Hopital’s Rule through innovative teaching techniques.

We emphasize that the methods and examples presented in this paper are de-
signed to complement, not replace, traditional calculus textbooks. They aim at
enriching existing educational material. By introducing these teaching tools, we
hope to make complex mathematical concepts more accessible and understandable
for students.

This work, still in its developmental stages, offers a fresh perspective on teach-
ing calculus. We are preparing multiple engineering-related problems that utilize
L’Hopital’s Rule, specifically in the fields of electrical, mechanical, and civil engineer-
ing. This effort addresses a notable gap, as most textbook examples of L’Hopital’s
Rule do not include real-life engineering examples. We encourage educators to con-
sider adopting these methods in their relevant educational contexts, and contribute
new ideas to this evolving field. Our hope is that this paper will inspire further
innovation in the way mathematics is taught and learned, making it a more intuitive
and relatable subject for students across various disciplines.
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